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The Columbus State University Mathematics faculty welcomes you to this year’s tour-
nament and to our campus. We wish you success on this test and in your future studies.

Introduction

This is a 90-minute, 50-problem, multiple-choice exam. There are five possible responses
to each question. You should select the one best answer for each problem. In some instances
this may be the closest approximation rather than an exact answer. You may mark on the
test booklet and on the paper provided to you. If you need more paper or an extra pencil, let
one of the monitors know. When you are sure of an answer circle the choice you have made
on the test booklet. Carefully transfer your answers to the score sheet. Completely darken
the blank corresponding to the letter of your response to each question. Mark your answer
boldly with No.2 pencil. If you must change an answer, completely erase the previous choice
and then record the new answer. Incomplete erasures and multiple marks for any question
will be scored as an incorrect response. The examination will be scored on the basis of +12
for each correct answer, —3 for each incorrect selection, and 0 for each omitted item. Each
student will be given an initial score of +200.

Pre-selected problems will be used as tie-breakers for individual awards. These problems,
designated with an asterisk (x), in order of consideration are: 4, 10, 14, 16, 17, 21, 24, 28,
31, 36, 40, 41, 42, 43, 45, 46, 47 and 50.

Throughout the exam, AB will denote the line segment from point A to point B and
AB will denote the length of AB; ZA denotes the ZBAC or ZCAB in the triangle AABC.
Pre-drawn geometric figures are not necessarily drawn to scale.

Review and check your score sheet carefully. Your student identification number
and your school number must be encoded correctly on your score sheet.

When you complete your test, bring your pencil, scratch paper and answer sheet to the
test monitor. Leave the room after you have handed in your answer sheet. Please leave
quietly so as not to disturb the other contestants. Do not congregate outside the doors by
the testing area. You may keep your copy of the test. Your sponsor will have a copy of
solutions to the test problems.

Do not open your test until instructed to do so!



1. If the straight lines 2y + 3x — 4 = 0 and 3y — ax + 4 = 0 are perpendicular to each
other, what is the value of a?

A)b B) 4 )3 D) 2 E)1
-3
Solution: The slopes of these two lines are — or ﬂ' The product of their slopes is
equal to —1. We have a = 2. The correct answer is D.

2. In the cuboid represented below, we know AB = BD =1 and BC' = 2. What is the
total surface area of the cuboid?

A)6 B)?2 )8 D)9 E)10

Solution: The total surface area equal to 2(AB - BC'+ AB - BD + BD - BC') = 10.
The correct answer is F.

3. Let i be the complex number v/—1. Find the value of 26,
A)i B) —i )1 D) —1 E)O0

Solution: Since

§2016 — (2)1008 _ (_1)1008 _ |

The correct answer is C'.

r+1

4. *Find the minimum value of the function f(x) = for real numbers z, where
x
1 <z < 2016.
201 201
A) 1 B) 3 C) 2017 D) 2 E) 2016
2 2016 2015

r+1

1
Solution: Since f(z) = = 1+ — is a decreasing function of x, the minimum

x
value of the function occurs at z = 2016. The correct answer is C.



. The average age of three girls is 7 years. If a boy joins the group, then the average age
of these four children is 6 years. What is the boy’s age?

Al B)?2 )3 D)4 E)5

Solution: Denote the ages of the girls by a, b, and ¢ and the age of the boy by t. Then
we have a +b+c=21and a4+ b+ c+t =24, so t = 3. The correct answer is C.

. For what value of k does the system of equations

y=a>+5
y=2xr+k
have a unique solution?
A)l B)2 )3 D)4 E)5

Solution: The system of equations is equivalent to the equation 22> — 22 +5 —k =0
which has a unique solution if and only if the discriminant 4 + 4k — 20 = 0. It follows
that kK = 4. The correct answer is D.

. Find the radius of the circle 2% — 2z + y?> — 4y — 4 = 0.

Al B)2 )3 D)4 E)5
Solution: Complete the squares to get the equation in the form (z—1)?+(y—2)* = 32.
The correct answer is C'.

. Find the vertex of the parabola y = 2? — 2z + 3.

A)(1,2) B)(1,-2) C)(—1,2) D) (0,3) E)(2,3)

Solution: y = 2 — 22+ 3 = (y — 2) = (z — 1)?. The correct answer is A.
. What is the product of all solutions of the equation z* — 223 4+ 422 4+ 62 4+ 3 = 07
A)l B)2 )3 D)4 E)5

Solution: Let a,b, ¢, and d be the solutions of the equation. Then z* — 22 + 422 +
6z +3 = (z—a)(zr—0b)(x —c)(x —d), so the product abed = 3. The correct answer is
C.



10.

11.

12.

13.

14.

15.

*If the geometric mean of two positive real numbers a and b (with a < b) is equal to
15 and their arithmetic average is 39, what is y/b/a?

A)1 B)?2 )3 D)4 E)5

Solution: The problem reduces easily to the quadratic equation 22 — 78z + 225 = 0
and so we obtain a = 3 and b = 75. The correct answer is F.

If  is an integer, what is the minimum value of (2z — 3)% + 27
A)l B)2 )3 D)4 E)5
Solution: Since z is an integer, then (2z — 3)?> > 1 = (2z — 3)* + 2 > 3. Note that

(22 —3)*+2 =3 for x =1 or & = 2. The correct answer is C.

There are 10 people in a room, 40% percent of whom are men. If no man enters
or leaves the room, how many women must enter the room so that 20% of the total
number of people in the room are men?

A)10 B)9 C)3 D)7 E)6

Solution: Note that 4 is 40% of 10. There are 4 men in the room. Let x be the
number of women entering the room. Then the percentage of men in the room is given

by

0z 100 = 20. Solving for x yields x = 10. The correct answer is A.
x

If (1 - 21’)2016 = ag+a1x+asx’+- - Faser’t?, find the value of ag+a1+as+- - -+as016.
A)b B) 4 )3 D)1 E)2

Solution: Let z = 1, we have (1 —2)*'® = ag 4+ a; +ay + - - -+ agg = 1. The correct
answer is D.

*Assume that the sets {1, a+b, a} and {O, 3, b} have the same elements for real numbers
a and b. Find the value of b — «a.

A) 1 B) 2 C) 3 D) 4 E) 0

Solution: Since 0 € {1,a + b,a} and a # 0, we have a + b = 0. Hence g = —1. Note
that —1 € {1,a+b,a}, we have a = —1, b= 1.
The correct answer is B.
If (z—32%)° = ag + a1x + axx® + - - - + asz” + aga®, find the value of ag + a; — ay.
A)3 B) 4 )0 D)1 E) 2
Solution: Expanding gives
(x —32%)° = 2°(1 — 32)° = 2*(1 — 9z + 272* — 272°).

The correct answer is C'.



16.

17.

18.

19.

*How many real solutions does the equation (z* — 3)5”2’25” = 1 have?
A)1l B) 2 )3 D) 4 E)5

Solution: We should consider the case when the base equals 1 and the case when the
base is not equal to 1.

Casel:2?—3=1= 2z =42
Case2:2° —2r =0and2®> —3#£0 =2 =0,2.
The correct answer is C'.

*Each 3-digit positive integer is written on a card. All cards are placed in a box and
one is extracted from the box. Find the probability that the sum of the digits on the
card is 5.

1 1 1 1 1
A)

— B) — C) — D) — E) —
900 ) 300 ) 150 ) 50 ) %0

Solution: The total number of 3-digit positive integers is 900. Each 3-digit positive
integer with the sum of its digits equal to 5 is listed in the set below.

{104, 113,122,131, 140, 203, 212, 221, 230, 302, 311, 320, 401, 410, 500}.
The correct answer is E.

Let x and y be real numbers such that 2 4+ 10z + 4y — 20y + 50 = 0. Find the value
of =2(z +y).

A) 1 B) 2 C)3 D) 4 E)5

Solution: Since

2? + 10z +4y> — 20y + 50 = (x +5)° + (2y = 5)° = 0=z +y = -
the correct answer is E.

If the real numbers x and y satisfy the system

3r+y = k+1
r+3y = 3

for the real number k with 2 < k < 4, which one of the following is true about x — y?

A<z —y<1/2 B)o<zr—y<1 C) =3<zr—y<-1
D) —l<z—y<l E)y3<xz—y<bh
Solution: Subtracting the second equation from the first, we have z —y = — — 1.

2
k
Since 2 < k< 4,0 < 5~ 1 < 1. The correct answer is B.



20.

21.

22.

23.

4log Vb - log, a

Simplify the expression fora>1and b> 1.

loga
A1l B) 2 )3 D) 4 E)5
Solution: Note that
2logb - log, a _ 2(logb)% _
loga loga

The correct answer is B.

*If f(z) is an odd function defined on (—o0, c0) such that f(z) = f(1 —x), what is the
value of f(2016)7

A)0 B) 1 ) 2 D)3 E) 4

Solution: Since

fla+1) =f(-2) = —f(z) = flz+2) = f(-z—1) = f(z).
This means the period of function f(z) is 2. f(2016) = f(0+ 1008 -2) = f(0) = 0.

The correct answer is A.

Find the number of distinct pairs (x,y) of positive integers which are solutions of the

) 1 1 1
equation — + — = —.
x oy 7

A)1 B) 2 C) 3 D)4 E)5

Solution: Since zy = 7(x + y), we have (x — 7)(y — 7) = 49. Using the factors of 49,
there are only three possibilities (49 =7-7,49 =1-49, and 49 =49 - 1).

The correct answer is C'.

Find all the values of a for which B = {x|z* — ax — 4 < 0} contains the interval [2,4].
Solution: Denote A = [2,4].

a—+Va?+16 a-+vVa?+16

ar—4<0=> ———— <2<
¢ —ax 5 T 5
—+Va?+16 va?+16
Note that % <Oand% > (0 for any real number a. A C B
a++va?+ 16

if and only if 4 < That is 8 — a < Va?+ 16, which means a > 3.

Therefore, The correct answer is C.



_5—4a:+x2

24. *Consider the function f(z) = 5, for —oo < x < 2. Find the minimum value
-
of f(x).
A)0 B) 1 ) 2 D)3 E)4

Solution: Clearly, 2 —z > 0. Rewrite

1 1
= 2—x>2
f(x) 2—x+ . 2—x

(2—x).

f(z) = 2 if and only if
is C.

5 =2 —x. We have x =1 € (—00,2). The correct answer
—x

25. If x and y satisfy the following system of equations, find the value of xy.

logx —logy = —2
logx 4+ 2logy =1

A1 B) 2 )3 D) 4 E)5

Solution: Note that logz—logy = -2 = L 102 and logz+2logy = 1 = zy* = 10.
)

Hence o
$y2/§ =10/10"2

This means y = 10 and # = 107! = 0.1. Therefore, zy = 10-10~* = 1. The correct
answer is A.

26. Find the value of a in 23 — 3z + a = 0 if the sum of two of its solutions is 2.
A1l B) 2 )3 D) 4 E)5

Solution: Without loss of generality, we assume 1, o, and z3 are solutions of 23 —
3r+a =0, and x1 + x5 = 2. Since x1 + x5 + x3 = 0, we have x3 = —2 satisfying the
equation. That is (=2)* —3-(=2) 4+ a =0, a = 2. The correct answer is B.

27. If x and b are real numbers such that log,» b + log,. = 1, find the value of %
A)b B) 4 )1 D) 2 E) 3

logb  logz  (logh)®+ (logz)*

Solution: By the change of base formula, we have Yogz | 2logh 21og blog ©

1. Rearrangement gives (logb — log x)* = 0 which implies # = b. The correct answer
is C.



28.

29.

30.

31.

*If 317%% = . find the value of 91+,

a2 B) 2 )2 2
™ s

™

3w

3
Solution: From 3!72* = 7, we have 3** = 9* = = Consequently
i

91+$:9-9$:9-32$:2—7.
T

The correct answer is A.

2016

Let © = \/3—1—\/5—\/3—\/5. Find the value of (x3+2x2—2x—5)
A)b B) 4 )3 D) 2 E)1
Solution: Since

x2:3+\/5+3—\/5—2\/3+\/5\/3—\/5=6—2\/9—5:2,

2?4+ 220° =2z -5 =z(2* —2) +2(2* —2) — 1 = —1,

the correct answer is F.

1 1 1 1 1
Find the value of th duct (1 4+ {1+ )(1+5 )1+~ ) (1+2)
1mn e value of the produc ( + 1) ( —1—2) ( +3) ( +4) ( +2016)

A) 2013 B) 2014 C) 2015 D) 2016 E) 2017

Solution: The product is equal to

The correct answer is E.

1
*How many triples (x, %, z) are solutions of the equation 22 +y*+ 2> + ) + ? + 2 6.

A) 2 B) 3 ) 4 D)8 E)6

1 1\’
Solution: Using 2% + — —2= (x — —) > 0, the original equation can be rewritten
x

x
as
1\’ 1\? 1\?
()2 -2
x Y z
T 1 1 1
This implies + = —, y = —, and 2z = —. Thus x = +1, y = +1, 2 = +1 and they are
x z

independent. In total there are 8 possibilities. The correct answer is D.

8



32. Determine the number of real solutions of 22 — 3x — a? + 2 = 0 for a real number a.
A) 0 B) 1 )2 D)3 E)4

Solution: Since

5 ) B 3+Vda®+1 3—Vi4a® +1
' =3r—a" +2= x—f x—# ,

there are two real solutions for any given value of a. The correct answer is C.
33. Find the interval on which the function f(z) = log%(x2 — 2z — 3) is increasing.
A) (—00,400) B) (—o0,—1) C) (—-1,3) D) (3,+00) E) [3,+00)

Solution: Denote g(x) = z*> — 2x — 3. From g(z) > 0, we have x < —1 or z > 3. The
function g(z) is decreasing in (—oo, —1) and increasing in (3, —oc0). The function f(z)
is a decreasing function. Hence f(z) is increasing in (—oo, —1). The correct answer is
B.

34. Find the value of x + y such that z and y are real numbers which satisfy the following

system of equations.
(r — 1) +2016(x — 1) = —1
(y—1)>+2016(y — 1) =1

A) 1 B) 2 C)3 D) 4 E)5

Solution: From the original system, we have
(1—2)*+2016(1 —x) = (y — 1)* + 2016(y — 1)
= (1-2)"—(y—1)> =2016[(y — 1) — (1 — z)].
Factorization gives
2-z—y[l-2)’+1-2)(y—1)+ (y—1)*] =2016(y + = — 2).

The above identity is true if and only if y+z = 2 since (1—z)*+(1—xz)(y—1)+(y—1)* >
0. The correct answer is B.

35. Suppose log(a+b) = loga+ log b, for some real numbers a and b with @ > 1 and b > 1.
Find the value of log(a — 1) + log(b — 1).

A) 2 B) 1 ) 0 D)3 E)5

Solution: From log(a + b) = loga + log b, we have a + b — ab = 0 and
log(a — 1) +log(b—1) =log(ab—a—b+1) =log1 = 0.

The correct answer is C'.



36.

37.

38.

39.

*Suppose {ay, as, as,---} is a geometric sequence of real numbers. The sum of the

S
first n terms is denoted by S,,. If S19 = 10 and S39 = 70, calculate the value of 543).
A)1l B) 2 )3 D)5 E) 4

Solution: Denote the common ratio of {a,} as ¢. We have

10 1 30 1
SlO = M =10 and 530 = al(qi) = 70.
q—1 q—1
Ss0 ¢* —1 20 10 _ : 20 10 _
Division gives T ¢ +q 4+ 1 =7 This means ¢*° + ¢~ — 6 = 0.
10 q—= —
Therefore ¢'° = 2 which means il = 10.
q p—
ai(¢* — 1)

Sy = =10(2* — 1) = 150

q—1

The correct answer is C'.

Simplify the expression \/a: +1 -2V +\/Jr+1+2y/xfor 0 <x <1,
A) 2 B) 2v/x C)x D) 2 E) 1

Solution: Obviously x > 0. Rewrite

@)= (Va =124 J(E 1) =1 - Va Va1 =2,

The correct answer is D.

If tan(f) < 0 and sin(#) = —3, find cos(0).

3 3 2v/2 2v/2

A) V3 )£ C)—£ D)—\/_ E)——\/_
3 3 3 3

Solution: Since sin(f) = —% < 0, angle 0 is in the third quadrant or fourth quadrant.

But noting that tan(f) < 0 implies 6 is in fourth quadrant. Therefore cos(f) > 0. By

trigonometric identity sin*(0) + cos?(f) = 1, we have cos() = /1 —sin*(f) = \/g.

The correct answer is D.

The function f(z) = ax + b satisfies f(f(f(1))) = 29 and f(f(f(0))) = 21. Find the
value of a + b.

A) 0 B) 1 )

[\

D) 4 E)5

Solution: Since
f(f(f(x))) = ala(az +b) +b) +b = a’x +a’b+ab+ b
=a’ = f(f(f(1) = F(f(f(0) =8=a=2=b=3,

the correct answer is E.

10



40. *In triangle AABC, if ZA =60°, AB = 2, and AC = 3, find the length of the third

41.

42.

side BC.

A) V3 B) 2 ) V5 D) V6 E) V7

Solution: Using the Law of Cosines, we have BC? = AB*+ AC?—2AB-AC cos(60°) =
22 4+ 3% — 2(2)(3)3 = 7. The correct answer is E.

*If % <0< 37”, find the value of v/1 — sin 26 — /1 + sin 26.

A) 2sind B) —2siné C') 2cosb D) —2cosf E)0

Solution: Rewrite

V1 —sin20 — V1 +5sin20 = | cos§ — sin | — | cos @ + sin 6|

= cosf —sinf + cosf +sinf = 2cosb.

The correct answer is C'.

*Find the minimum value of 2? + y* such that = and y satisfy the equation (z + 1)* +
(y—1)°=8.

A) 2 B) 1 )0 D)3 E) 4
Solution: Let z = —1 + 2v/2sin t,y=1+ 2v/2 cost. We have
22+ y? = (=1 +2v2sint)? + (1 4 2v2cost)?

=1—4V2sint +8sin’t + 1+ 4v2cost + 8cos’ t = 10 — 8sin (t—%)‘

The correct answer is A.

11



43. *Find the range of f(z) = 8(sin* x + cos* x — sinz cos x) for all real numbers z.
A) (0,9) B) [0,9) C) (0,9] D) [0,9] E) [-8,8]
Solution: Using sin 2z = 2sinz cos z, function f(x) can be written as
flz)=8 <(sin2x + cos? .T)2 — 2sin® x cos® x — sinxcosx) = 8 — 4sin? 2z — 4sin 2z
=9 — (2sin2z + 1)°.

Hence, ming<, <, f(x) = 0 and maxo< < f(z) = 9. The correct answer is D.

3 —_—
44. Find lim Y22 872
z—0 €T
) 7 1 1 1
A) — B) — — D) - E) -
) 12 ) 12 ¢) 12 ) 2 ) 4
Solution: Let u = v/3z + 8, we have
V3z+8—-2 wu—2 (u—2)(u*+2u+4) u® — 8 B 3z
x o w4+ 2u+4) w4 2ut4) o(u?+2u+4)
B 3
u?+2u+4°
Hence,
. V3r+8-2 3 3 1
lm—mM =lim——— = — = —,
z—0 T u—2 2 + 2u+ 4 12 4
The correct answer is F.
45. *The integers x and y satisfy the following system
5% —logy (y+3) = 3¥
5Y —logy (r+3) = 37
Find the value of x 4+ y.
A) —2 B) —1 )0 D) 2 E) 3

Solution: From the system, we claim that > —3 and y > —3. Subtracting the two
equations and using the fact that function 5¢ + 3t + log,(t 4+ 3) is increasing on its
domain (—3,00), we can show that x = y. To solve 5* — log,(x + 3) = 3%, we note
that 5% > 4% 4+ 3% and 4% > logy(z + 3) for > 2. The only possible values of x are
—2,—1,0or 1.

Direct substitution confirms that only = 1 works. Hence, there is only one pair
(x,y) =(1,1).
The correct answer is D.

12



46.

47.

48.

*Let f(z) be a real-valued function defined on (—oo, 00) such that f(f(x)) =2% — 1.
Find the value of f(0) + f(1).

A) 1 B) 2 )0 D) —2 E) —1

Solution: Note that

f(f(@) =2"=1= f(f(f(x)) = f2" = 1) =2/@ —1
= £(0) =20 —1 f(1) =2/ — 1.

Consider the equation y = 2¥ — 1, which has only solutions y = 0 and y = 1. Therefore
f(0)=0and f(1)=1or f(0) =1and f(1) =0. The correct answer is A.

*Find the number of ordered pairs of real numbers (a, b) such that (a+ bi)*'® = a — bi,

where 1 = /—1.
A) 2014 B) 2015 C) 2016 D) 2017 E) 2018

Solution: Let z = a+bi, Z = a — bi. Then (a + bi)**'® = a — bi implies that 2216 = z.

220 = 299 = [2] = ],
S0
2122 ~ 1) = 0.
Hence |z| = 0, and (a,b) = (0,0), or |z| = 1. In the case |z| = 1, using 2% = 7,
we have z*'7 = 27 = |2|> = 1. Since 2*°'" = 1 has 2017 distinct solutions, there are

1+ 2017 = 2018 ordered pairs that meet the required conditions.

The correct answer is F.

In the triangle AABC, AB = 213, AC = @ E and D are the midpoints of AB
and AC, respectively. BD is perpendicular to C'E. Find the length of BC'

B
E
A 5 C
A)3 B) 4 C)5 D) 6 E)T

13



49.

50.

Solution: Let G be the point of intersection of BD and CE. Then BC' = v BG? + CG2,
2 2 — _
BG = §BD’ and CG = §C’E. We need to find the lengths of BD and CE. Let

1 1
BG = z,CG = y. Then GD = 3% and GE = SV In right triangles ABGFE and
ACGD, we have

1
2 2
- = 13
x+4y ,
1

19 2 _ 9
4x+y

Therefore x = 3 and y = 4. We have BC' = /x? + y? = 5. The correct answer is C.
1 1
If0<6<7mand z+ — = 2cos#, find the value of 2> + —-
x x
A) 2cosb B) 2cos 30 (') 3cos 30 D) 8cos® 0 E) 3cos® 0

1 1 1 1
Solution: From z + — = 2cos#, we have 2* + — + 32°~ 4+ 32— = 8cos®# and then
x x3 x 2

1 1

z* + — = 8cos’ ) — 3 (:E—l— —) = 8cos®’# — 6cos = 2(4cos®§ — 3cosf) = 2cos 3.
x x

The correct answer is B.

*Find the number of triples (z,y,z) of rational numbers which are solutions of the
following system.
r+y+z = 0
ryz+z = 0
zy+yz+ze+y = 0

A1 B) 2 )3 D) 4 E)5

Solution: If z = 0, the original system reduces to

r+y = 0
zy+y = 0
We have
z = 0 or r = —1
y =0 y = 1
If 2 # 0, from zyz + 2z = 0, we have xzy = —1. From x + y + 2z = 0, we obtain

1
z = —x —y = — —y. Substituting this into the third equation, we have
Yy

1 1/1 1 N
O=zyt+yzt+2zet+y=—-1+y ;—y —; ;—y —i—yz;(y—l)(y —y—l).

14



Therefore

y=1
r=—1
z=0

which is contrary to the condition z # 0. The equation 3* —y — 1 = 0 has no rational
solutions. The total number of rational solutions is 2. The correct answer is B.

15



